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Partial Representations and an application to partial Za-gradings.
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Hopf algebras

Let us write the definition of a group in terms of diagrams.
Alongside with the operation m of G, we describe the unit as a map v : {*} — G,

where {*} is a (fixed) unitary set. (so that u “chooses” the neutral element of G).

Associativity: Neutral Element:
mxG
GxGxG s G xa GxG
mel lm
uxG GXxu
GxG@—G {x} x G m G x {x}
G

These two diagrams describe a monoid.



ings of Algebras

L Hop

Hopf algebras

The diagram for the inverse needs more information:

one defines a new operation

S: G - G

and in order to write S(g)g = e as a diagram, we may consider the sequences

g+ (g9,9) = (S(9),9) — S(g)g

and

g— x—>e

which can be written using m, u and the maps
A: G - GxG e: G —  {x}

g — (9,9 g = %
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Hopf algebras

We remark that the maps
A: G - GxG e: G —  {x}

g — (99 g = %
satisfy the dual diagrams (arrows reversed) of m and wu respectively:

AxG
GxGxG=——GxG GxG
T T exG Gxe
GXxA A
G><G<A—G {x} x G A G x {*}
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The axiom of the inverse corresponds to the following diagram:

G
RN
GxG GxG
SxG\L eu lGxS
GxG GxG
X\ /
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the same diagrams (with tensor product replacing cartesian product) as the

first two of G. This says that B is a k-algebra with unit.
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(in the case of groups, there is only one possible pair (A,¢)).
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Hopf algebras

Let k£ be a field.

A bialgebra is a vector space B with two pairs of maps:

the multiplication m : B® B — B and the unit map u : kK — B that satisfy
the same diagrams (with tensor product replacing cartesian product) as the

first two of G. This says that B is a k-algebra with unit.

The comultiplication A : B — B ® B and the counit ¢ : B — k, satisfying the
dual diagrams (B is a coalgebra)
(in the case of groups, there is only one possible pair (A,¢)).

These dual structures must be compatible in the sense that A and e are algebra

maps.
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Hopf algebras

A bialgebra is a Hopf algebra if it has an algebra antimorphism S : H — H,

called the antipode, such that the diagram below commutes:

e

HQH

S®Hl

H®H

H

H

N

H®H

lH@S

H®H

One can say that a Hopf algebra is a group in the category of vector spaces

(and a group is a Hopf algebra in the category of sets).
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Hopf algebras

Hopf algebras act on algebras, just as groups do.

Let H be a Hopf algebra, let A be an algebra. A left action of H on A is a

structure of left H-module on A which also satisfies:
(i) h-1a =¢e(h)la
(i) h-(ab) = 2,1y - a)(h(,2) - b),

where A(h) = > h(; 1) ® h(;,2)- One also says that A is a (left) H-module

algebra.



Hopf algebras

There are other points in common with groups and their representations.

m The tensor product of two left H-modules M, N is again a left H-module by

h-(m®n) = Z(h(i,l) -m) ® (h(;,1) - )

(3
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Hopf algebras

There are other points in common with groups and their representations.

m The tensor product of two left H-modules M, N is again a left H-module by

h-(m®n) = Z(h(i,l) -m) ® (h(;,1) - )

(3

m When H acts on A, the vector space A® H has a structure of k-algebra given
by
(a®@h)(b®K) = Z a(heny - b) @ h( o)k

7

This algebra is called the smash product of A by H, and is denoted by
A#H.
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Hopf algebras associated to groups

Let G be a finite group.
m The dual group algebra is the dual vector space k¢ with the following
structure:
If {py; g € G} is the dual basis associated to G, then
PgPh = ég,hpga Zpg =1,
g

and

Alpg) = D) Pa®py, e(pg) =g, S(pg) =Pg-1-
Y=g



ings of Algebras

L Hop

Hopf algebras associated to groups

Let G be a finite group.

m The dual group algebra is the dual vector space k¢ with the following
structure:

If {py; g € G} is the dual basis associated to G, then
PgPh = 0g,nPg, ».Pg =1,
9
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m A left action of H = k€ on A is a G-grading of A:

Dg - a = ag, the g-component of a € A.
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Hopf algebras associated to groups

Let G be a finite group.

m The dual group algebra is the dual vector space k¢ with the following
structure:

If {py; g € G} is the dual basis associated to G, then
PgPh = 0g,nPg, ».Pg =1,
9

and
A(pg Z Pz @ Py, 5(1’9) ge: S(pg) =Pg-1.
zy=g
m A left action of H = k€ on A is a G-grading of A:
Dg - a = ag, the g-component of a € A.

m The left modules over A#kC coincide with the G-graded left A-modules.
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m A left action of H = kG on A is an action of G by automorphisms.
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Hopf algebras associated to groups

Let G be a group.

m The group algebra kG is a Hopf algebra with

Alg)=g®g, =g =1, Sl =g"

m A left action of H = kG on A is an action of G by automorphisms.

m The smash product A#kG coincides with the skew group algebra AG.



Partial Actions of a Hopf algebra

(Caenepeel, Janssen 2006) A a unital algebra, H Hopf algebra. A (left) partial
action of H on A, or a structure of partial H-module algebra on A, is a linear
function a: H® A —> A, a(h ® a) = h - a, such that

(i) 1-a=a,

(ii) h-(ab) = (h(,1) - a)(h,2) - b),
(iii) h-(k-a) = (hea1y - 1a)(h@ok-a)
The partial action is symmetric if also

(iii) h- (k- a) = (hq k- a)(hg2) - 1a).
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Partial Actions of a Hopf algebra

Recall that if one has a partial action of a group G on A, then the A-module
@gea Dy has the structure of a G-graded algebra, the partial skew group
algebra A #, G.



Partial Actions of a Hopf algebra

Recall that if one has a partial action of a group G on A, then the A-module
@gea Dy has the structure of a G-graded algebra, the partial skew group
algebra A #, G.

If A is a left H-module algebra then A ® H is an associative algebra with the
multiplication

(@@h)(b®k) =Y alh(i,1) - b) ® b 2)k)

k3

and the subalgebra A#H = (A®Q H)(14 ® 1x) is a unital associative algebra.
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Partial Actions of a Hopf algebra

Let G be a group, A a k-algebra,

a = ({Dg}gec, {ag : DgilﬂDg }gec)

a partial G-action where Dy = 14A for all g € G (14 central idempotent). For each
g € G, define an endomorphism of A by

A — Dgfl — Dy

a — alg1 — ag(al; 1)



Lp

Partial Actions of a Hopf algebra

If g-a=ag(al, 1), then g- 14 = 1, and
(i) 1-a=a,

(i) g- (ab) = (g-a)(g-b),

(iii) g (k-a) = 1g(gk - a) = (gk - a)lg

i.e., g®a+— g-a defines a partial action of kG on A.
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Partial Actions of a Hopf algebra

Ifg-a=ag(al 1), then g-14 =14 and
(i) 1-a=a,
(ii) g- (ab) = (g-a)(g - b),
(i) g-(k-a) = 14(gk - a) = (gk - a)lq
i.e., g®a+— g-a defines a partial action of kG on A.

Partial actions of kG

Symmetric partial actions of kG on a k-algebra A correspond to partial actions of

G on A where every ideal Dy is generated by a central idempotent.



Partial G-gradings

Let G be a finite group. A partial G-grading on a k-algebra A is a partial action
of the dual group algebra £ on A (it corresponds to a right partial coaction of

kG on A).
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is finite-dimensional, right H-coactions <> left H*-actions
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of the dual group algebra £ on A (it corresponds to a right partial coaction of

kG on A).

This is justified by the following;:
m There is the dual concept of a right coaction of a Hopf algebra H and, if H
is finite-dimensional, right H-coactions <> left H*-actions
m The same holds for partial actions: there is the concept of partial coactions,
due also to Caenepeel and Janssen, and

right partial H-coactions <  left partial H*-actions



Partial G-gradings

Let G be a finite group. A partial G-grading on a k-algebra A is a partial action
of the dual group algebra £ on A (it corresponds to a right partial coaction of

kG on A).

This is justified by the following;:
m There is the dual concept of a right coaction of a Hopf algebra H and, if H
is finite-dimensional, right H-coactions <> left H*-actions

m The same holds for partial actions: there is the concept of partial coactions,
due also to Caenepeel and Janssen, and

right partial H-coactions <  left partial H*-actions

m On the other hand, right kG-coactions <  G-gradings.



Partial G-gradings of the base field

From now on, we assume that |G| # 0 in k.
m Partial G-grading of k: map py — Ag € k.

= Define the support of A = (A\g)4ec by

H={geG;\g #0}.



Partial G-gradings of the base field

From now on, we assume that |G| # 0 in k.
m Partial G-grading of k: map py — Ag € k.

= Define the support of A = (A\g)4ec by
H={geG;\g #0}.

Then H is a subgroup of G and

1

Ag= =3
¢ H]

gH,H -

The partial G-gradings of k are in correspondence with the subgroups of G.



G/H-gradings and partial G-gradings

Lifting formula for G/H-gradings

Let G be a finite group, let H be a normal subgroup of G, and let A be a
G/H-graded algebra. Then A is also a partial G-graded algebra by

1
a4 = —Qa .
Pg |H| gH



G/H-gradings and partial G-gradings

Lifting formula for G/H-gr S

Let G be a finite group, let H be a normal subgroup of G, and let A be a
G/H-graded algebra. Then A is also a partial G-graded algebra by

1
a4 = —Qa .
Pg |H| gH

Note that 14 is an eigenvector for each element of £, since

pg-la= OgH,H1A-

|H|



G/H-gradings and partial G-gradings

Conversely, we will say that a partial G-grading of an algebra A has linear
support if the unit 1,4 is an eigenvector for each element of k&.

The linear support is the support H of the associated partial G-grading of
k~klyu.



G/H-gradings and partial G-gradings

Conversely, we will say that a partial G-grading of an algebra A has linear
support if the unit 1,4 is an eigenvector for each element of k&.

The linear support is the support H of the associated partial G-grading of
k~klyu.

Partial G-gradings and G/H-gradings

| _,Batista,Vercruysse 2013| Let G be a finite group, let H be a normal subgroup
of G, let A be a k-algebra.

Every linear partial G-grading of A with support H corresponds to a G/H-grading
of A by the formula

agH = |H|p9 sa

and the lifting of this G/H-grading is the original partial G-grading of A.



Good Partial G-gradings of Matrix Algebras

[Dascalescu, Ion, Nastdsescu, Rios Montes 1999]

Given (g1,92,.--,9n) € G™, the formula
deg(Ei ;) = gig; ', 1<i,j<n (1)

defines a G-grading on My (k).
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2001].



Good Partial G-gradings of Matrix Algebras

[Dascalescu, Ion, Nastdsescu, Rios Montes 1999]

Given (g1,92,.--,9n) € G™, the formula
deg(Ei ;) = gig; ', 1<i,j<n (1)

defines a G-grading on My (k).
A G-grading of My (k) in which every elementary matrix E; ; is homogeneous is
called a good grading (also an elementary grading in [Bahturin, Sehgal, Zaicev

2001].

[DINM, 1999] Good G-gradings of M, (k) are in correspondence with elements of

G™~! via equation (1) above.



Good Partial G-gradings of Matrix Algebras

A partial G-grading of M, (k) is a good partial grading if the elementary

matrices {E; j;1 < i,j < n} are simultaneous eigenvectors for all operators pg - .



Good Partial G-gradings of Matrix Algebras

A partial G-grading of M, (k) is a good partial grading if the elementary

matrices {E; j;1 < i,j < n} are simultaneous eigenvectors for all operators pg - .

Characterization of good partial gradings

| _,Batista,Vercruysse 2013| Let G be a finite abelian group.
Every good partial G-grading of My, (k) is a linear grading.

Fix a subgroup H of G.
There is a bijective correspondence between good partial G-gradings of

My, (k) with linear support H and good G/H-gradings of My (k).



Partial Representations of a group

Let G be a group, A be a k-algebra.
A Partial Representation of G on a algebra B is a map 7 : G — B such that

(PR1) m(e) = 1p,
(PR2) w(g) w(h) n(h™1) = w(gh) n(h™1), Vg,he G

(PR3) (g™ ") w(g) w(h) = w(g™') m(gh) ,  Vg,heG.
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Let G be a group, A be a k-algebra.
A Partial Representation of G on a algebra B is a map 7 : G — B such that

(PR1) 7(e) = 1p,
(PR2) n(g) w(h) n(h™1) = n(gh) n(h™1), Vg, he G

(PR3) 7(g™") 7(9) m(h) = w(g™') n(gh) ,  Vg,heG.
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Let a be partial action of a group G on A s.t. there is a family of central

idempotents {14; g € G} which generate the ideals Dy, i.e., Dy = 14A for all g € G.



Partial Representations of a group

Let a be partial action of a group G on A s.t. there is a family of central

idempotents {14; g € G} which generate the ideals Dy, i.e., Dy = 14A for all g € G.

m ag:Dg1 — Dy extends to the endomorphism 64 : A — A given by

bg(a) = ag(aly—1). The map
m1: G — End(A)
g — b

is a partial representation of G.
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Partial Representations of a group

Let a be partial action of a group G on A s.t. there is a family of central

idempotents {14; g € G} which generate the ideals Dy, i.e., Dy = 14A for all g € G.

m ag:Dg1 — Dy extends to the endomorphism 64 : A — A given by

bg(a) = ag(aly—1). The map

m1: G — End(A)
g — by
is a partial representation of G.
m Consider the k-algebra generated by the symbols [g], g € G, subject to the

relations

[e] =1

[9][R][R™1] = [gh][n™*

lo~"1[gl(r] = [g~"1lgh]

This is the partial skew group algebra kparG.
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Partial Representations of a group

Let a be partial action of a group G on A s.t. there is a family of central

idempotents {14; g € G} which generate the ideals Dy, i.e., Dy = 14A for all g € G.

m ag:Dg1 — Dy extends to the endomorphism 64 : A — A given by

bg(a) = ag(aly—1). The map

m1: G — End(A)
g — by
is a partial representation of G.
m Consider the k-algebra generated by the symbols [g], g € G, subject to the

relations

[e] =1

[9][R][R™1] = [gh][n™*

lo~"1[gl(r] = [g~"1lgh]
This is the partial skew group algebra kparG.

partial representations of G on B <= representations of G on B.



Partial Representations of a Hopf algebra

m Let H be a Hopf algebra, V be a vector space.
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< algebra map 7 : H — End(V)



Partial Representations of a Hopf algebra

m Let H be a Hopf algebra, V be a vector space.

representation of H on V.. < structure of H-module on V/
< algebra map 7 : H — End(V)
m More generally, we may say that a representation of H on a algebra B is an

algebra map 7 : H — B.
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m Let H be a Hopf algebra, V be a vector space.

representation of H on V.. < structure of H-module on V/
< algebra map 7 : H — End(V)
m More generally, we may say that a representation of H on a algebra B is an

algebra map 7 : H — B.

m (obviously) If A is an H-module algebra then 7 : H — End(A),

w(h)(a) = h - a, is a representation.
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Partial Representations of a Hopf algebra

m Let H be a Hopf algebra, V be a vector space.

representation of H on V.. < structure of H-module on V/
< algebra map 7 : H — End(V)
m More generally, we may say that a representation of H on a algebra B is an
algebra map 7 : H — B.
m (obviously) If A is an H-module algebra then 7 : H — End(A),

w(h)(a) = h - a, is a representation.

...what is a partial representation of H, i.e., what is a partial H-module?



Partial Representations of a Hopf algebra

| _,Batista,Vercruysse 2013| Let H be a Hopf algebra over k, B a unital k-algebra.
A partial representation of H in B is a k-linear map 7w : H — B satisfying the

conditions below.

(PR1) n(1y) =15

PR2.1) w(h)m(k(;,1))7(S (ki 2))) = m(hk 1) 7(S(ke,2))

= m(hS(k,1)))m(k(i,2)

) = )

)

PR3.1) 7(h(i,1))m(S(hi,2)))m (k) = (k1)) 7 (S(he,2))k
) =

)
( )
(PR2.2) m(h)m(S(k(i,1)))m (ki 2)
( ) )
(PR3.2) m(S(h(i,1))m(h,2))7(k) = 7(S(hi,1)))7(he,2)k)
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Let H be a Hopf algebra over k, B a unital k-algebra. A partial representation

of H in B is a k-linear map 7 : H — B satisfying the conditions below.

(PR1) 7(1y) = 1p
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(PR3.2) 7(S(h(i,1)))m(h(,2))m(k) = 7(S(h(,1)))m(he,2)k)
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of H in B is a k-linear map 7 : H — B satisfying the conditions below.

(PR1) n(ly) =1p

PR2.1) 7(h)m (ke 1))m(S (ke 2))

)

) m(hks,1))m(S(ke,2))
PR2.2) w(h)w(S(ki,1)))m(k(,2)

)

)

( ) = )
( ) = (RS (k1)) (kG,2)
(PR3.1) 7 (h(i,1))m(S(h(i,2) )7 (R) = 7 (h(i,1))7(S(hs,2))k)
(PR3.2) w(S(h(i,1))m(h,2))7 (k) = 7(S(hi1)))m(hi 2)k)



Partial Representations of a Hopf algebra

Let H be a Hopf algebra over k, B a unital k-algebra. A partial representation

of H in B is a k-linear map 7 : H — B satisfying the conditions below.

(PR1) n(ly) =1p

PR2.1) 7(h)m (ke 1))m(S (ke 2))

)

) m(hke,1))m(S(ke,2))
PR2.2) w(h)w(S(ki,1)))m(k(,2)

)

)

( ) = )
( ) = (RS (k1)) (kG,2)
(PR3.1) 7 (h(i,1))m(S(h(i,2) )7 (R) = 7 (h(i,1))7(S(hs,2))k)
(PR3.2) w(S(h(i,1))m(h,2))7 (k) = 7(S(hi1)))m(hi 2)k)



Partial Representations of a Hopf algebra

Let H be a Hopf algebra over k, B a unital k-algebra. A partial representation

of H in B is a k-linear map 7 : H — B satisfying the conditions below.

(PR1) n(ly) =1p

PR2.1) 7(h)m (ke 1))m(S (ke 2))

)

) m(hke,1))m(S(ke,2))
PR2.2) m(h)m(S(ki1)))m(k(,2)

)

)

( ) = )
( ) =7 (hS (k1)) (kG,2)
(PR3.1) 7 (h(i,1))m(S(h(i,2) )7 (R) = 7 (h(i,1))7(S(hs,2))k)
(PR3.2) w(S(h(i,1))m(h,2))7 (k) = 7(S(hi1)))m(hi 2)k)



Partial Representations of a Hopf algebra

Let H be a Hopf algebra over k, B a unital k-algebra. A partial representation

of H in B is a k-linear map 7 : H — B satisfying the conditions below.

(PR1) n(ly) =1p

PR2.1) 7(h)m (ke 1))m(S (ke 2))

)

) m(hke,1))m(S(ke,2))
PR2.2) m(h)m(S(ki1)))m(k(,2)

)

)

( ) = )
( ) =7 (hS (k1)) (ke,2)
(PR3.1) 7 (h(i,1))m(S(h(i,2) )7 (R) = 7 (h(i,1))7(S(hs,2))k)
(PR3.2) w(S(h(i,1))m(h,2))7 (k) = 7(S(hi1)))m(hi 2)k)



Partial Representations of a Hopf algebra

Let H be a Hopf algebra over k, B a unital k-algebra. A partial representation

of H in B is a k-linear map 7 : H — B satisfying the conditions below.
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Partial Representations of a Hopf algebra

If H is cocommutative, (PR1)-(PR5) are reduced to
(PR1") m(1p) =1p
(PR2") m(h)m(k(i,1))m(S(ke,2y)) = m(hke,1))m(S(ke,2)))
(PR3) w(S(h(,1)))m(hi,2))m(k) = m(S(h,1)))m(h,2)k)



Partial Representations of a Hopf algebra

Let A be a partial H-module algebra.

The following are partial representations of H:

m:H — End(A4)
h +— h-

m:H — A#H
h +—  14h



Let H be a k-Hopf algebra. The “partial Hopf algebra” Hpqr is the k-algebra

generated by symbols [h], with h € H, satisfying

[ah + BE] = a[h] + B[k], for all o, 8 € k and h, ke H

and

(1) [a] = 1m0,
(2.1) [A][ke, 1)1 (kg,2))] = [Mk,1)][S (Ki2))]
(2.2) [RI[S (K, 1)k 2)] = [S (ki) kG 2)]
(3.1) [he, 0[S (h,2)E] = [ha,1)1[S(he,2) )k]
(3.2) [S(hq,)khe,2)I[E] = [S(hes, 1)1 2)k]



The linear map h € H +— [h] € Hpqar is a partial representation of H in Hpqr.

Characterization of Hpqr

The pair (Hpar, [_]) is determined by the following universal property: For every

partial representation m : H — B there is a unique algebra morphism

@ : Hpqr — B such that 7 = 7o [].



When H = kG and G is a finite group, one has Hpar = kparG. It is well-known

that
m dimkperG < 0

m kparG is a partial smash product.
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When H = kG and G is a finite group, one has Hpar = kparG. It is well-known
that

m dimkperG < 0
m kparG is a partial smash product.

If H is any Hopf algebra, then Hypqr is also a partial smash product.

On the other hand, it may be infinite dimensional even if H is finite dimensional
(for instance, the Sweedler algebra Hy).

Hper is also a Hopf algebroid, and via this Hopf algebroid we can provide a
monoidal structure to the category of left Hpqr-modules (i.e., we can tensor

partial representations).

Theorem

Partial H-module algebras coincide with algebras in the category of left

Hypqar-modules.



Partial Zo-gradings

m For H = k%2, one has the algebra isomorphism

k[z]
{p(z))
[l — =+ ()

Hpar i

where p(z) = z(z — 1)(2z — 1).
m Tt follows that 7' € End(V) defines a partial representation of H = k%2 in

End(V) by m(py) = T if and only if its minimal polynomial divides
p(z) = z(2z — 1)(x — 1).



Let H = k%2. Let A be a partially Zo-graded k-algebra.
Let A= Ao @® A1 @ A2 be its decomposition as left Hpqr-module.

(1) B= Ao @® A, is a Zs-graded subalgebra of A, with homogeneous components
Ba = AO and BT = Al.

(2) Ay is a unital ideal of A, py-z = g for all z € A5, and
A~ B x A1/2

as an algebra.



Let H = k%2. Let A be a partially Zo-graded k-algebra.
Let A= Ao @® A1 @ A2 be its decomposition as left Hpqr-module.

(1) B= Ao @® A, is a Zs-graded subalgebra of A, with homogeneous components
Ba = AO and BT = Al.

(2) Ay is a unital ideal of A, py-z = g for all z € A5, and
A~ B x A1/2

as an algebra.

Conversely, if B is a Zz-graded algebra and C' is a k-algebra, B x C' is partially
Zo-graded by defining

Py~ (b:) = (bg 3), pr- (b.) = (bp. 5).
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